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TOPOLOGY OF TROPICAL MODULI OF WEIGHTED STABLE CURVES
ALOIS CERBU, STEFFEN MARCUS, LUKE PEILEN, DHRUV RANGANATHAN, ANDREW SALMON
Abstract. The moduli space ∆g,w of tropical w-weighted stable curves of volume 1 is naturally identified
with the dual complex of the divisor of singular curves in Hassett’s spaces of w-weighted stable curves. If at
least two of the weights are 1, we prove that ∆0,w is homotopic to a wedge sum of spheres, possibly of varying
dimensions. Under additional natural hypotheses on the weight vector, we establish explicit formulas for the
Betti numbers of the spaces. We exhibit infinite families of weights for which the space ∆0,w is disconnected
and for which the fundamental group of ∆0,w has torsion. In the latter case, the universal cover is shown to
have a natural modular interpretation. This places the weighted variant of the space in stark contrast to the
heavy/light cases studied previously by Vogtmann and Cavalieri-Hampe-Markwig-Ranganathan. Finally, we
prove a structural result relating the spaces of weighted stable curves in genus 0 and 1, and leverage this to
extend several of our genus 0 results to the spaces ∆1,w.
0. Introduction
The moduli space ∆g,w is a topological space that parameterizes n-marked, w-weighted stable tropical
curves of genus g with volume (sum of all edge lengths) equal to 1. It has a natural interpretation as the dual
complex of the divisor of singular curves in Hassett’s moduli spaceMg,w of weighted stable curves [9, 16, 24].
In this paper, we investigate the homotopy type of ∆g,w in genus 0 and 1 as the weights vary.
Theorem A. Let w = (1, 1, w3, . . . , wn). The moduli space ∆0,w is homotopic to a wedge sum of spheres,
possibly of varying dimensions. In particular, if 0 < ǫ 6 1/k and w = (1(m), ǫ(k)), then ∆0,w is homotopic to
a wedge sum of (m− 2)! (m− 1)k spheres of dimension m+ k − 4. If we fix m = 2 and allow ǫ = 1/ℓ for any
ℓ, there are explicit closed formulas for the Betti numbers of ∆0,w.
If the supposition on the weight vector in Theorem A is dropped, the conclusion can fail dramatically: if w
does not have two weight 1 entries, ∆0,w may be disconnected or π1(∆0,w) may have torsion.
Theorem B. There exist infinite families of weight vectors w such that ∆0,w is a disjoint union of a wedge
sum of spheres, and such that ∆0,w has fundamental group Z/2. Specifically,
I. Suppose ǫ 6 1/k. If w =
(
1
m
(2m)
, ǫ(k)
)
for k > 2, then ∆0,w is homeomorphic to a disjoint union of
1
2
(
2m
m
)
spheres of dimension k − 2.
II. If w =
(
1
k
(2k+2+m))
for 2 6 m 6 k, then π1(∆0,w) = Z/2 and the universal cover is homotopic to a
wedge sum of spheres of dimension m.
In Theorem 8.6 we establish a structural relationship between the spaces of tropical weighted stable curves
in genus 0 and 1. We leverage Theorem A to deduce results about the structure of ∆1,w. A further discussion
of genus 1 appears in Section 8.
Theorem C. Let w = (1, 1, w3, . . . , wn) where n > 3. The moduli space ∆1,w is homotopic to a wedge sum
of spheres, possibly of varying dimensions. Furthermore, if w = (1(m), ǫ(k)) for m > 2, m + k > 3, and
0 < ǫ 6 1/k, then ∆1,w is homotopic to a wedge sum of
1
2 (m− 1)!m
k spheres of dimension m+ k − 1.
We supplement this analysis with a number of explicit calculations in SageMath [10, 23]. To convey the
range of behavior in the topology, several low dimensional genus 0 examples are recorded in Section 2.
0.1. Motivation. The geometry of the moduli spaces Mg,w motivates the study of ∆g,w. Such spaces were
introduced by Hassett as alternate compactifications of the moduli space Mg,n of smooth pointed genus g
curves [16] and continue to be heavily studied. For instance, the cohomology of the weighted spaces informs
the fine structure of the cohomology of M0,n, see [3, 4]. When w = (1
(m), ǫ(k)) and ǫ = 1/ℓ, the spaces ∆0,w
appear prominently in ongoing work of Castravet and Tevelev on the derived category of M0,n.
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The compact moduli space Mg,w contains an open subset Mg,w – in general strictly containing Mg,n –
consisting of weighted stable curves (C, p1, . . . , pn) such that C is smooth. This furnishes a natural sequence
of open immersions
Mg,n ⊂Mg,w ⊂Mg,w.
When the weights are all equal to 1, it follows from a result of Abramovich, Caporaso, and Payne that the
dual complex of the normal crossings divisorMg,n\Mg,n is naturally identified with ∆g,n, the tropical moduli
space [1]. By well-known results concerning boundary complexes and weight filtrations, the reduced rational
homology of the dual complex ∆(D) of a normal crossings pair (X ,D) computes the top graded piece of the
weight filtration on the cohomology of the open stack X \D, see [12, 15, 21], and in particular [12, Proposition
5.6]. While for each pair (g, n) this computation is in principle a finite combinatorial topology problem, the
complexity grows rapidly. For instance, at the time of writing, it is unknown whether ∆g is simply connected
for g > 3.
For general weight vector w, the divisor Mg,w \ Mg,n does not have normal crossings.
1 However, the
smaller complementMg,w \Mg,w does have normal crossings, and this motivates our study of the open stacks
Mg,w. The dual complex of this normal crossings divisor is naturally identified with the space of w-weighted
stable tropical curves of genus g, see [9, 24]. From the perspective of logarithmic geometry, the divisorial pair
(Mg,w,Mg,w \Mg,w) is logarithmically smooth, and the universal weighted stable curve is a logarithmically
smooth fibration.
Roughly speaking, as the entries of w decrease, the stackMg,w becomes larger and closer to projective. As
smooth projective varieties have trivial top graded piece in the weight filtration, it is natural to expect that the
complexity of ∆g,w decreases as the entries of w decrease. As the weight vector changes, one obtains a network
of moduli spaces Mg,w with open immersions between them. In genus 0 and 1, our results demonstrate how
the top weight piece of the cohomology of these open varieties changes as w varies.
0.2. Related work. Our results are related to, contrast with, and rely on the work of many others. In [25]
Vogtmann established that ∆0,n is homotopic to a wedge sum of (n − 2)! spheres of top dimension using
the topology of partially ordered sets. Robinson and Whitehouse rederived the homotopy type of ∆0,n by
identifying a large contractible subcomplex X0,n of ∆0,n for which ∆0,n/X0,n is manifestly a wedge sum
of spheres. This allowed them to determine the Sn representation on the cohomology of ∆0,n obtained by
permuting the marked points [22].
Some results are also known in the weighted case. When w = (1(m), ǫ(k)) for ǫ sufficiently small, Cavalieri,
Hampe, Markwig, and Ranganathan identified ∆0,w with the link at the origin of the Bergman complex of a
certain graphic matroid. Along with results from [2], it follows that ∆0,w is homotopic to a wedge of spheres
of top dimension [9]. In Section 6, we give a direct proof of this fact that does not rely on the structure of
∆0,w as a Bergman complex, and allows us to give a simple formula for the number of spheres.
Work in the higher genus case is much more recent. The homotopy type of ∆1,n was determined to be a
wedge sum of 12 (n− 1)! spheres of top dimension by Chan, Galatius, and Payne [12, Section 9]. This has led
to several applications to the topology of the moduli spaces M1,n. These authors also show that ∆g,n is at
least (n − 3)-connected, and that ∆1,n is (n − 2)-connected. In contrast, ∆0,w may be disconnected even if
the number of marked points is large.
The reduced rational homology of ∆2,n was calculated for n 6 8 by Chan [11]. She also showed that the
homology of the spaces ∆2,n can have torsion. However, the torsion homology groups of ∆2,n appear only in
high degree, so the presence of torsion in the fundamental group of ∆0,w is a new phenomenon for tropical
moduli spaces. Nonetheless, with additional hypotheses on w, Theorems A and C show that ∆0,w and ∆1,w
exhibit good topological properties – they are homotopic to wedges of spheres of varying dimensions.
Note that the genus 1 result ∆1,n ≃
∨
1
2 (n−1)!
Sn−1 of [12, Section 9] bears a cosmetic resemblance to the
genus 0 result ∆0,n ≃
∨
(n−2)! S
n−4 of [25]. In Theorem 8.6, we prove a structural result that explains this
similarity. We leverage this relationship to prove Theorem C.
The methods we employ involve subspace arrangements, naturally generalizing those of [9, 25], as well as
the generalized discrete Morse theory ideas of [11, 12]. Namely, we identify a contractible subcomplex X0,w
of ∆0,w and understand ∆0,w/X0,w in terms of the homotopy type of a diagonal subspace arrangement. Such
subspace arrangements have been heavily studied [5, 14, 18, 26]. We combine the modular interpretation of
1Consider, for example, the case w = (1, 1, ǫ, ǫ, ǫ) in which the moduli space has dimension two; the divisor M0,w \ M0,n is not
normal crossing as it includes three curves meeting at a point.
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Figure 1. For w = (1, 1, 1/2, 1/3, 1/3, 1/3, 1/4), examples of stable (left) and unstable (right)
genus-zero 7-marked graphs. A number n attached to a vertex v by a dotted line indicates
that mG(n) = v. The graph on the right is not stable since the rightmost leaf has w-weighted
valency 1 + w4 + w6 + w7 = 1 + 1/3 + 1/3 + 1/4 = 23/12 6 2.
∆0,w/X0,w with a shelling argument to establish Theorem A. Explicit formulas for the homology in special
cases follow from prior results on the corresponding subspace arrangements by [6].
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1. Tropical moduli spaces of curves
We briefly recall the construction of the moduli spaceMtropg,w and its link, referring the reader to [1, 12, 24]
for additional details.
Fix integers n and g and a weight vector w = (w1, w2, . . . , wn) ∈ (0, 1]
n such that
2g − 2 +
n∑
i=1
wi > 0.
An n-marked graph is a connected graph G together with a genus function g : V (G) → Z>0 and a
marking function mG : {1, . . . , n} → V (G). The genus of an n-marked graph G is the sum
g(G) = b1(G) +
∑
v∈V
g(v),
where b1(G) is the first Betti number of the graph. Given a vertex v ∈ V (G), define the w-weighted valency
of v to be the number of flags of edges incident to v, plus the sum of the weights of the marks based at v.
Finally, a w-stable n-marked genus g graph is said to be stable if for every vertex v of genus 0, the w-weighted
valency is strictly larger than 2. Examples of stable and unstable marked graphs are provided in figure 1.
Given a w-stable marked graph G, a w-stable tropical curve with underlying graph G is obtained
by assigning positive real lengths to the edges of G. We restrict throughout to this setting wherein our edge
lengths do not take infinite lengths. This is a matter of convention; one could alternately allow infinite lengths
as in [24] and obtain canonically compactified extended cone complexes. The space of such w-stable tropical
curves with a fixed identification of the underlying graphs as G is thus canonically identified with the open
cone R
E(G)
>0 . The moduli space of w-stable tropical curves of type G is
σ◦G = R
E(G)
>0 /Aut(G),
where Aut(G) is the group of automorphisms of the graphs preserving the marking function.
In degenerate cases, when certain edge lengths are equal to 0, one may perform a series of edge contractions
on G to obtain a w-stable genus g graph G′ with a natural marking and genus function. If G′ is such a
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contraction obtained from G, then σ◦G′ can be identified with a cell in the space
σG = R
E(G)
>0 /Aut(G).
Ranging over all G and assembling the resulting cells σG, we obtain a topological space parametrizing weighted
stable tropical curves of genus g
Mtropg,w =
⊔
G
(
R
#E(G)
>0 /Aut(G)
)
/ ∼
where ∼ is the identification of cells under graph contractions described above.
Define the volume of a tropical curve to be the sum of the lengths of all edges. This gives rise to a
continuous function
Mtropg,w → R>0.
The link ∆g,w of the moduli space M
trop
g,w is defined to be the locus of tropical curves of volume 1.
We note that when g = 0, the underlying graphs of w-stable tropical curves are trees. As there are no
marking-preserving automorphisms of such trees, the space M0,w is a cone complex, and the volume 1 locus
∆0,w has the structure of a simplicial complex. We will use this structure throughout.
2. Homology of ∆0,w: computations
The spaces of weighted stable tropical curves exhibit a range of topological behavior that is not seen in
the weight 1 case considered by Vogtmann and Chan–Galatius–Payne [25, 12]. We record several examples of
weight vectors w for which ∆0,w exhibits homology in a range of degrees, disconnectedness, and torsion in the
fundamental group.
When the weight vector is w = (1, 1, ǫ, . . . , ǫ) for ǫ ≪ 1, the moduli space M0,w is known as the Losev-
Manin moduli space. This space is isomorphic to the toric variety associated to the permutohedron, and as a
consequence ∆0,w in this case is homeomorphic to a single sphere. As ǫ increases the topology becomes more
subtle. Theorem 6.3 accounts for the apparent patterns in table 1.
w H˜0 H1 H2 H3 H4 H5
(1(2), 1/2(3)) Z Z
(1(2), 1/2(4)) 0 Z7 Z
(1(2), 1/2(5)) 0 0 Z31 Z
(1(2), 1/2(6)) 0 0 Z20 Z111 Z
(1(2), 1/2(7)) 0 0 0 Z350 Z351 Z
(1(2), 1/3(4)) Z 0 Z
(1(2), 1/3(5)) 0 Z9 0 Z
(1(2), 1/3(6)) 0 0 Z49 0 Z
(1(2), 1/3(7)) 0 0 0 Z209 0 Z
(1(2), 1/4(5)) Z 0 0 Z
(1(2), 1/4(6)) 0 Z11 0 0 Z
(1(2), 1/4(7)) 0 0 Z71 0 0 Z
(1(2), 1/5(6)) Z 0 0 0 Z
(1(2), 1/5(7)) 0 Z13 0 0 0 Z
Table 1. Reduced homology of ∆0,w for w = (1, 1, 1/ℓ, . . . , 1/ℓ)
If the condition that all non-heavy weights are the same is dropped, the space ∆0,w may have homology in
a wide range of degrees, as in table 2.
w H˜0 H1 H2 H3 H4 H5
(1(2), 1/2, 1/3, 1/4, 1/5, 1/6, 1/7, 1/7) 0 0 Z14 Z58 Z3 Z
(1(2), 1/3, 1/4, 1/5, 1/6, 1/7, 1/8, 1/9) 0 Z2 Z23 0 0 Z
Table 2. ∆0,w may have homology supported in a range of degrees
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Note that the number and dimension of the spheres given by Theorem A varies widely with the type of
weight vector. Furthermore, relaxing the requirement that w has two marks of weight one produces examples
of disconnectedness and torsion in π1(∆0,w), as in table 3.
w H˜0 H1 H2
(1/2(8)) 0 Z/2 Z90
(1/3(10) 0 Z/2 Z650
(1/2(3), 1/6(6)) Z2 Z30
Table 3. ∆0,w may be disconnected or have torsion in π1
It can be shown by hand that in the final example in table 3 above, ∆0,w is homotopic to
⊔3
j=1
(∨10
i=1 S
1
)
.
3. Contractible subcomplexes and path spaces
We begin our study of ∆0,w by identifying the existence of a large contractible subcomplex X0,w ⊂ ∆0,w
whose complement has a straightforward combinatorial description. Let T ∈ ∆0,w with marking function
mT : {1, . . . , n} → V (T ).
Given A ⊂ {1, . . . , n} we define the weight of A to be
w(A) =
∑
i∈A
wi.
Define the A-marking locus UA ⊂ ∆0,w to be the set of trees T ∈ ∆0,w for which mT (A) = {v}. That is,
the set UA consists of trees for which all labels indexed by A mark the same vertex.
We generalize the arguments of Robinson and Whitehouse [22] to prove the following.
Proposition 3.1. Let A ⊂ 2{1,...,n} such that for all A ∈ A, w(A) > 1 and w(Ac) > 1. Then
⋂
A∈A UA is
either empty or contractible.
Proof. Let A ⊂ 2{1,...,n} be such a family, and assume the intersection
⋂
A∈A UA is nonempty. These conditions
guarantee that the intersection
⋂
A∈A UA contains a facet ∆k of maximal dimension. Let T ∈ int(∆k); then,
T ∈ UB for some B ∈ A. The tree T has a vertex v which is marked by B. Denote by C ⊃ B the full set of
markings supported at v. Contract T to the tree in UB with two vertices – one marked by C, the other by C
c.
Denote this vertex of ∆0,w by vC . Recall that the closed star of a vertex v is the union of all closed simplices
sharing that vertex, and is denoted cl St({v}). We claim that
⋂
A∈A UA is a conical subset of the closed star
cl St({vC}).
To show this, we argue that
⋂
A∈A UA is a union of simplices in cl St({vC}) that meet at vC . If T ∈
⋂
A∈A UA,
it is also in the interior of some simplex; the boundaries of this simplex are determined by edge contraction,
and thus also maintain A-marked vertices for all A ∈ A. Consequently,
⋂
A∈A UA is a union of simplices. It
remains to be shown that every facet in this intersection has vC as a vertex; this will imply that
⋂
A∈A UA is
a union of simplices that meet at vC . We will conclude that
⋂
A∈A UA is conical and hence contractible.
Consider a facet ∆l ∈
⋂
A∈AUA such that ∆l 6= ∆k, and let S ∈ int(∆l). Let u denote the vertex of S
marked by D ⊃ B. We can assume by maximality that D marks a leaf vertex. Suppose for the sake of a
contradiction that D 6= C. This implies that any E ∈ A such that E ⊃ B must be contained in C ∩D. To
see this, first consider S; the only vertex that can be marked by E ⊃ B is u, and hence E ⊂ D. A similar
argument on T demonstrates that E ⊂ C, and thus E ⊂ C ∩ D. Consequently, if C ∩ D is a proper subset
of D then we resolve the vertex u supporting C ∩D to two vertices u1 and u2, such that C ∩D are the only
markings on u1. Note that by weight considerations, u1 can be chosen to be a leaf vertex. This procedure
furnishes a tree in
⋂
A∈A UA that contracts onto S, contradicting the fact that S is in the interior of a facet
in
⋂
A∈A UA. We conclude that D is contained in C. The same argument shows that C is contained in D, so
the sets coincide. Contracting all of S other than the edge adjacent to u, we see that ∆l has vC as a vertex.
Thus if
⋂
A∈A UA is nonempty, it is contractible. 
Coupled with the following, we can construct a large contractible subcomplex of ∆0,w.
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(1)
(i1)
(i2)
(i3) (in−4)
(in−3)
(in−2)
(2)
Figure 2. A pathlike tree
Proposition 3.2. Let X = X1 ∪ · · · ∪ Xn be a union of n > 1 contractible CW-subcomplexes such that the
intersection of any subfamily is contractible. Then X is contractible
Proof. The case n = 2 is [17, Exercise 0.23], and the general statement follows by induction. 
Let w = (w1, . . . , wn) be a weight vector with w1 + w2 > 1. Define the heavy marking locus to be the
subset X0,w ⊂ ∆0,w consisting of trees T having some vertex v with w(m
−1
T (v) \ {1, 2}) > 1.
Proposition 3.3. If w is as above and
∑n
i=3 wi > 1 then X0,w is contractible.
Proof. Consider the family A ⊂ 2{3,...,n} consisting of sets A with w(A) > 1. Automatically, this ensures
w(Ac) > w({1, 2}) > 1. Then
⋃
A∈A UA is the set of trees T belonging to some UA, i.e. trees T for which
there is v ∈ V (T ) with mT (A) = {v} for some A ∈ A. But this is precisely the condition that there is v for
which m−1T (v) \ {1, 2} has weight > 1.
By Proposition 3.1, arbitrary intersections of {UA}A∈A are contractible. Applying Proposition 3.2, we see
that
⋃
A∈A UA = X0,w is contractible. 
The complement ∆0,w \X0,w has a simple combinatorial description.
Definition 3.4. A path space is a space of tropical genus 0 curves consisting only of paths, i.e. trees having
exactly two leaves.
Lemma 3.5. Let w = (1, 1, w3, . . . , wn). Then ∆0,w \X0,w is a path space, whose elements consist of stable
trees with one leaf marked by (1), the other by (2), and for which w(m−1T (v) \ {1, 2}) 6 1 for all v ∈ V (T ).
Proof. If T ∈ ∆0,w has any vertex v marked by some A = {i1, . . . , ik} ⊂ {3, . . . , n} with w(A) > 1 then
T ∈ U{i1,...,ik} ⊂ X0,w. If T has three leaves, then some leaf v is marked by neither (1) nor (2). But v must
be stable, so there must be such an A marking v. We conclude that T has exactly 2 leaves. 
Remark 3.6. If ∆0,w is connected and X0,w is nonempty then ∆0,w has the homotopy type of the one-point
compactification of ∆0,w \X0,w. This follows from the universal property of topological quotients since ∆0,w
is compact and Hausdorff and X0,w is a contractible subcomplex.
4. The topology of ∆0,w
We reduce Theorem A to a statement about the topological combinatorics of a particular subspace arrange-
ment. This arrangement’s intersection with a sphere at the origin will be shown to in Section 5 to have the
homotopy type of a wedge of spheres, from which the theorem is deduced.
Theorem A. Let w = (1, 1, w3, . . . , wn). Then ∆0,w has the homotopy type
∆0,w ≃ S
n−4 ∨
r∨
i=1
Sdi
for some list of integers 0 6 di 6 n− 4.
We assume for the rest of this section that w = (1, 1, w3, . . . , wn) and exclude the following edge cases.
Either
∑n
i=3 wi 6 1, in which case X0,w is empty and ∆0,w
∼= Sn−4, or else X0,w is nonempty. If w is such
that
∑n
i=3 wi > 1 but for every At = {3, . . . , n}\{t} we have
∑
i∈At
wi 6 1, then X0,w is an isolated point and
∆0,w ∼= S
n−4 ∨ S0. This occurs, for example, in the case w = (1, 1, 1m
(m+1)
) – see Section 2. For all possible
values of w with X0,w nonempty, either X0,w is an isolated point or ∆0,w is connected.
Disregarding these cases, we are in the situation of Lemma 3.5. We reserve the names (1) and (2) for the
two distinguished heavy markings and use a nonstandard indexing for the remaining entries of w.
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Proposition 4.1. We define the global path space by
S = {(x3, . . . , xn) ∈ [0, 1]
n−2 | xi = 0, xj = 1 for some i, j} ⊂ R
n−2.
There is an injection p : S → ∆0,w whose image contains ∆0,w \X0,w.
Proof. The map p sends a tuple (x3, . . . , xn) to a pathlike marked tree with (1) on one leaf, (2) on the other,
and mark (i) at distance xi from (1). Such trees are automatically stable: each internal vertex has edge degree
2 and supports a positive weight; each leaf has edge degree 1 and supports a heavy weight, as well as some
positive weight. The map p is an injection since it has a well-defined inverse. Every tree in ∆0,w \ X0,w is
pathlike with marks (1) and (2) at the leaves, and thus in the image of p. 
Note that p is an injection between compact, Hausdorff spaces, and thus is a homeomorphism to its image.
Thus S ∼= p(S), and so S \ p−1(X0,w) ∼= p(S) \X0,w = ∆0,w \X0,w. Thus ∆0,w/X0,w ∼= S/p
−1(X0,w). The
set p−1(X0,w) is characterized as follows. Let A = {A ∈ 2
{3,...,n} |
∑
i∈A wi > 1}. This yields a subspace
arrangement
D =
⋃
A∈A
⋂
i,j∈A
{x ∈ Rn−2 | xi = xj} ⊂ R
n−2.
See Section 5 for a discussion of these induced subspace arrangements. For each x ∈ S, xi = xj if and only if
the marks (i) and (j) coincide at some vertex of p(x). Thus p−1(X0,w) is precisely S ∩D.
Proposition 4.2. There is a homeomorphism Susp(S ∩D) ∼= ∂[0, 1]n−2 ∩D.
Proof. Let Susp(S∩D) be the suspension ((S∩D)× [−1, 1])/ ∼. There is a continuous ψ : (S∩D)× [−1, 1]→
∂[0, 1]n−2 that is constant on (S ∩ D) × {−1} and (S ∩ D) × {1}. Explicitly this map is defined in terms of
the convex combinations
ψ(x, t) =
{
t · 1+ (1− t) · x if t > 0
t · 0+ (1 + t) · x if t < 0,
where 0 = (0, . . . , 0) and 1 = (1, . . . , 1). If x ∈ S ∩ D then x ∈ H ⊂ D for some linear subspace H . Since
H ⊃ {0,1} and H is convex, we are ensured ψ(x, t) ∈ H for all t. Similarly, since the faces of ∂[0, 1]n−2
are convex and contain {0,1}, we are ensured ψ(x, t) ∈ ∂[0, 1]n−2 for all t. Finally, we show ψ is injective
restricted to (S ∩D)× (−1, 1). Suppose ψ(x, t) = ψ(z, s). Then t and s have the same sign, or are both zero,
since ψ((S ∩D) × (0, 1)) and ψ((S ∩D) × (−1, 0)) are disjoint. By symmetry we can assume t, s 6 0. Then
(1 + t) · x = (1 + s) · z, and so
x =
1 + s
1 + t
· z.
Since x has some coordinate xi = 1 we cannot have (1 + t)/(1 + s) > 1 or else z /∈ [0, 1]
n−2. Symmetrically, z
has a coordinate zj = 1 and so we cannot have (1 + s)/(1 + t) > 1 or else x /∈ [0, 1]
n−2. We conclude s = t, in
which case x = z. Thus ψ descends to an embedding ψ : Susp(S ∩D) →֒ ∂[0, 1]n−2 ∩D.
Now we show ψ is surjective. Let y ∈ ∂[0, 1]n−2 ∩ D. We may assume y /∈ {0,1} since both 0 and 1 are
easily seen to be in the image of ψ. Similarly we may assume y /∈ S ∩ D. Since y ∈ ∂[0, 1]n−2, we have
max{yi} = 1 or min{yi} = 0, but not both.
a. If max{yi} = 1 and min{yi} < 1, then x = (1 −min{yi})
−1 · (y − min{yi} · 1) has min{xi} = 0 and
max{xi} = 1, so x ∈ S ∩D. And ψ(x,min{yi}) = y.
b. Similarly, if max{yi} > 0 and min{yi} = 0, then x = (max{yi})
−1 · y satisfies min{xi} = 0 and
max{xi} = 1, so x ∈ S ∩D. And ψ(x,max{yi} − 1) = y.
This shows that ψ surjects on ∂[0, 1]n−2 ∩D, so we conclude Susp(S ∩D) ∼= ∂[0, 1]n−2 ∩D. 
As a result of the proof of Proposition 4.2, we have the following identification.
Lemma 4.3. The universal path space S ∼= Sn−4.
Proof. We can recognize S as a retract of ∂[0, 1]n−2 \ {0,1}, and this retraction map is precisely the inverse
of ψ constructed in the proof of Proposition 4.2. 
We now invoke the following standard fact.
Lemma 4.4. Let X be a CW complex and Y ⊂ X a subcomplex whose inclusion ι : Y →֒ X is nullhomotopic.
Then X/Y ≃ X ∨ SuspY .
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0
1S
D
Figure 3. The universal path space S and subspace arrangement D when w = (1, 1, 23 ,
1
2 ,
1
3 ).
In this case S ∼= S1, D is a single plane {x3 = x4} ⊂ R
3, and S ∩D consists of two points.
Corollary 4.5. Let w = (1, 1, w3, . . . , wn). Then
∆0,w ≃ S
n−4 ∨
(
∂[0, 1]n−2 ∩D
)
.
Proof. The inclusion S∩D →֒ S is nullhomotopic because each linear subspaceH ⊂ D has positive codimension
and S ∼= Sn−4 is (n− 5)-connected. Thus S/(S ∩D) ≃ S ∨ Susp(S ∩D) ∼= S ∨ (∂[0, 1]n−2 ∩D). 
Figure 3 gives a schematic for the equivalence of Susp(S ∩D) and ∂[0, 1]n−2 ∩D.
Remark 4.6. The space ∂[0, 1]n−2 ∩D is homeomorphic to Sn−3 ∩D, where Sn−3 is the standard sphere in
Rn−2.
Proof. Each linear subspaceH ⊂ D contains the line {x3 = · · · = xn} = span{(1, . . . , 1)}, and soD is invariant
under translation by (1, . . . , 1). Thus ∂[0, 1]n−2 ∩D ∼= ∂[−1/2, 1/2]n−2 ∩D. The homeomorphism
∂[−1/2, 1/2]n−2→ Sn−3 sending x 7→ x/‖x‖
preserves linear subspaces, and so its restriction to ∂[−1/2, 1/2]n−2∩D → Sn−3∩D is also a homeomorphism.

In Section 5 we finish the proof of Theorem A by studying the topology of Sn−3 ∩D.
5. Homotopy type of the subspace arrangement
In this section, we complete the proof of Theorem A. By Corollary 4.5 and Remark 4.6, it suffices to
determine the homotopy type of the Sn−3 ∩D. We work with the concept of shellability of nonpure simplicial
complexes studied by Bjo¨rner and Wachs, and refer the reader to [5, Section 2] for further details on the
subject.
Definition 5.1. An ordering on the maximal facets Ci of a simplicial complex is a shelling of the complex
if for every k > 1 and a < k, there is some b < k and x ∈ Ck such that Ca ∩ Ck ⊂ Cb ∩ Ck = Ck \ {x}.
Recall that if a nonpure simplicial complex is shellable, it has the homotopy type of a wedge of spheres of
possibly varying dimensions.
Theorem 5.2. Let w = (1, 1, w3, . . . , wn) ∈ (0, 1]
n be given. Let D be the subspace arrangement in Rn−2
induced by heavy subsets A ⊂ {3, . . . , n}, as described in Section 4. Then the singularity link L(D) =
Sn−3 ∩D has the homotopy type of a wedge of spheres.
Subspace arrangements whose constituent subspaces take the form {xi1 = · · · = xik} are known as diagonal
arrangements. There is a natural bijection between diagonal arrangements in Rn and simplicial complexes
of dimension at most n − 3 on the vertex set {1, . . . , n}. Given a simplicial complex ∆, the correspondence
associates to each face F ∈ ∆ the subspace HF = {x ∈ R
n | xi1 = · · · = xik} where {i1, . . . , ik} =
{1, . . . , n} \ F . Then S∆ =
⋃
F∈∆HF is the corresponding diagonal arrangement.
Theorem 5.3 ([18, Theorem 1.1 and Corollary 5.2]). If ∆ is shellable, then the singularity link L(S∆) has
the homotopy type of a wedge of spheres.
Definition 5.4. Let u = (u1, . . . , ur) ∈ (0, 1]
r, and let A = {A ∈ 2{1,...,r} |
∑
i∈A ui > 1}. Then we define the
u-induced subspace arrangement
Su =
⋃
A∈A
⋂
i,j∈A
{xi = xj} ⊂ R
r,
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and the u-induced simplicial complex ∆u = {A
c | A ∈ A}.
Our definition is such that ∆u and Su are in correspondence via the bijection in [18]. The arrangement D
in Section 4 is the (w3, . . . , wn)-induced subspace arrangement in R
n−2. It will suffice to show ∆u is shellable
to prove Theorem A.
Note that dim∆u 6 r − 3. Since each ui 6 1, |F | > 2 for all F ∈ ∆u and hence |F
c| 6 r − 2. Thus each
facet of ∆u has no more than r − 2 vertices and dimension no greater than r − 3.
Proposition 5.5. Let u = (u1, . . . , ur) ∈ (0, 1]
r. Then ∆u is a shellable simplicial complex.
Proof. Without loss of generality, we assume u1 6 u2 6 · · · 6 ur, so that i 6 j if and only if ui 6 uj. A facet
C ∈ ∆u is determined uniquely by the tuple (i1, . . . , ik) ∈ {1, . . . , r}
k of its vertices with i1 < · · · < ik. Let
“≺” be the lexicographic order on these tuples. Even though these simplices are of varying dimensions, there
is no ambiguity in the order as the intersections are necessarily proper subsets of the intersecting simplices.
We label the facets of ∆u by {Ca : a ∈ N} so that Ca ≺ Cb ⇐⇒ a < b.
Consider the facet Ck for k > 1 and let a < k. As the ordering is lexicographic, there is some critical
coordinate at which the entry in the tuple corresponding to Ck is bigger than that of Ca. In other words, we
have
Ca = (A, xc, C) ≺ (A, yc, B) = Ck,
where A is possibly empty and xc < yc. The intersection Ca ∩ Ck is some face contained in Ck, possibly of
codimension > 1. As Ca is not contained in Ck, there is some z ∈ Ck such that z /∈ Ca. Denote by zc the
minimal such z (with respect to the order on integers), and note that it may be yc. By construction, xc < zc
and xc /∈ Ck. Consider the simplex of ∆u corresponding to the tuple by (Ck \ {zc})∪ {xc}, reordered. This is
a simplex in ∆u, as ∑
{ui | i /∈ (Ck \ {zc}) ∪ {xc}} >
∑
{ui | i /∈ Ck} > 1
as xc 6 zc. Let Cb denote the minimal facet with respect to the lexicographic ordering on facets induced by ≺
containing (Ck \{zc})∪{xc}. Then Cb∩Ck = Ck \{zc}, as ((Ck \{zc})∪{xc})∩Ck = Ck \{zc} and Cb cannot
contain zc as it would then contain Ck as a proper subset, a contradiction. Furthermore, Ca ∩ Ck ⊂ Cb ∩ Ck
since Cb ∩Ck ⊃ Ck \ {zc} ⊃ Ca ∩ Ck.
Finally, we show b < k. First, if Cb = (Ck \ {zc})∪ {xc} then b < k trivially, as the tuples corresponding to
Cb and Ck first differ at the entry at which Cb has an xc and Ck has a yc. Otherwise, Cb has as a vertex some
index v not in ((Ck \{zc})∪{xc}). If xc 6 v, then Cb and Ck first differ at the entry at which Cb has an xc and
Ck has a yc as before and b < k. Otherwise, Cb and Ck first differ at the entry at which Cb has a v and Ck has
the minimal index in Cb greater than v, and so b < k. Regardless, b < k and Ca ∩ Ck ⊂ Cb ∩ Ck = Ck \ {zc},
and the lexicographic ordering on facets is a shelling of ∆u. 
We now prove Theorem 5.2.
Proof of Theorem 5.2. By Proposition 5.5, the simplicial complex associated to D = S(w3,...,wn) is shellable.
So the singularity link L(D) = Sn−3 ∩D is homotopic to a wedge of spheres by [18, Corollary 5.2]. 
By Remark 4.6, L(D) ∼= ∂[0, 1]n−2 ∩D, so this finishes the proof of Theorem A.
6. Homology of ∆0,w: Formulas
When the weight vector has the form (1, 1, w3, . . . , wn), Theorem A reduces the determination of the
homotopy type of ∆0,w to a calculation of Betti numbers. A result of Goresky and MacPherson [14, Part
III, Chapter 1] computes the homology of the link L(D) for a subspace arrangement D ⊂ Rn in terms of its
intersection lattice L. If d : L → Z>0 is the function giving the dimension of each subspace p ∈ L and ∆(L<p)
is the order complex of the restriction of the lattice to elements less than p, one obtains the following formula:
H˜k(L(D)) ∼=
⊕
p∈L
H˜k−d(p)(∆(L<p)).
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Theorem 6.1. Let w = (1, 1, w3, . . . , wn) and D ⊂ R
n−2 be as in the proof of Theorem A. The reduced
homology of ∆0,w can be computed as follows:
H˜k(∆0,w;Z) ∼=

0 if k > n− 4;⊕
p∈L H˜k−d(p)(∆(L<p))⊕ Z if k = n− 4;⊕
p∈L H˜k−d(p)(∆(L<p)) otherwise.
Furthermore, these homology groups are free abelian.
Proof. The simplicial complex ∆0,w is (n− 4)-dimensional, so homology vanishes in dimensions k > n− 4. As
established in Corollary 4.5 and Remark 4.6, there is a subspace arrangement D ⊂ Rn−2 such that
∆0,w ≃ S
n−4 ∨ L(D).
This, together with Goresky and MacPherson’s formula, yields our homology computation. Since L(D) has
the homotopy type of a wedge of spheres, these homology groups are necessarily free abelian. 
Remark 6.2. If w = (1(k), wk+1, . . . , wn), then (k−2)! divides every reduced homology Betti number of ∆0,w.
Indeed, there is an Sk−2 action on the space R
n−2 \D induced by permuting marks {3, . . . , k}. This action is
free on Rn−2 \D and one can observe that there is a conical fundamental domain C for this action. Standard
arguments imply the claimed divisibility.
We now specialize to the weight data w = (1, 1, ǫ(k)) for ǫ = 1/ℓ. The (w3, . . . , wn)-induced subspace
arrangement consists of subspaces of dimension ℓ+1. Bjo¨rner and Welker [6] derive formulas for the homology
of the intersection lattices of such (ℓ+ 1)-equal arrangements. These formulas are quite complex, so we refer
the reader to the original source. The particular homology calculation can be deduced from Alexander duality
and the formula in [6, Theorem 5.2].
Theorem 6.3. Let w = (1, 1, ǫ(k)) with ǫ = 1/ℓ. Then, H˜d 6= 0 if and only if d = n − 4 − t(ℓ − 1) for
0 6 t 6 ⌊(n− 2)/(l + 1)⌋.
Theorem 6.3 accounts for patterns in the Betti tables recorded in Section 2.
6.1. Heavy/light weight data. Specializing further and decreasing the parameter ǫ, we obtain the heavy/light
moduli space which features prominently in [9]. It can be deduced from the results in loc. cit. that the spaces
∆0,w are homotopic to wedge sums of top dimensional spheres, although the fact is not explicitly recorded
there. We give an independent proof of this fact below, and obtain a closed formula for the number of spheres.
Theorem 6.4. Let w = (1(m), ǫ(k)) for 0 < ǫ ≪ 1. Then ∆0,w has the homotopy type of a wedge of
(m− 2)!(m− 1)k spheres of dimension (m+ k − 4).
Proof. The proof is by induction on k. Our base case is Vogtmann’s result that ∆0,(1(m)) ≃
∨
(m−2)! S
m−4 in
[25]. In addition, we take as separate base cases ∆0,(1(3),ǫ) ≃
∨
2 S
0 and ∆0,(1(2),ǫ(2)) ≃ S
0.
Let w = (1(m), ǫ(k)) and w′ = (1(m), ǫ(k+1)). We will build ∆0,w′/X0,w′ by attaching an ǫ-mark to
∆0,w/X0,w. Define
V = [1,m]/{1, . . . ,m} ∼=
m−1∨
i=1
S1,
and let a denote the basepoint. We will build a map ϕ : Sw/Bw × V → Sw′/Bw′. Recall that we use the
nonstandard indexing (x3, . . . , xm+k) for points in Sw. We define ϕ by specifying y = ϕ(x, p) piecewise.
1. If x ∈ Bw, let y ∈ Bw′ for all p ∈ V .
2. Similarly, if p = a, let y ∈ Bw′ for all x ∈ Sw/Bw.
3. If x ∈ Sw \ Bw and p 6= a, then the coordinates {x3, . . . , xm} are distinct, and so there is an index set
{i1, . . . , im−2} for which xi1 < xi2 < · · · < xim−2 . Furthermore, p ∈ [1,m] \ {1, . . . ,m}, so p ∈ (j, j + 1)
for some j ∈ {1, . . . ,m− 1}.
a. If j /∈ {1,m− 1}, let yi = xi for 3 6 i 6 m+ k and ym+k+1 = (1− (p− j))xij + (p− j)xij+1 .
b. If j = 1, let t = xi1 + 1− (p− j)
−1.
i. If t > 0, let yi = xi for 3 6 i 6 m+ k and ym+k+1 = t.
ii. If t < 0, let yi = 1− (1− xi)/(1− t) for 3 6 i 6 m+ k and ym+k+1 = 0.
c. If j = m− 1, let t = xim−2 − 1 + (1− (p− j))
−1.
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Figure 4. The smash product (S1 ∨ S1) ∧ (S1 ∨ S1)
i. If t 6 1, let yi = xi for 3 6 i 6 m+ k and ym+k+1 = t.
ii. If t > 1, let yi = xi/t for 3 6 i 6 m+ k and ym+k+1 = 1.
To see this definition makes ϕ continuous, note that for any j ∈ {1, . . . ,m − 1}, our map ϕ is continuous
restricted to the open set
(Sw \Bw)× (j, j + 1) ⊂ (Sw \Bw)× (V \ {a}),
and that for distinct j these open sets are disjoint. These open sets comprise the complement of (Sw/Bw ×
{a})∪ ({Bw}×V ) and are mapped under ϕ into Sw′ \Bw′. Furthermore, ϕ is constant restricted to (Sw/Bw×
{a}) ∪ ({Bw} × V ), and so descends to a map ϕ : (Sw/Bw) ∧ V → Sw′/Bw′ .
This ϕ is surjective because every tree in ∆0,w′ \X0,w′ may be obtained either by attaching an ǫ-mark to
the interior of a pathlike tree in ∆0,w \X0,w, or by placing an ǫ-mark at a leaf and redistributing the remaining
marks. Furthermore ϕ is injective outside of ϕ−1(Bw′) because removing mark (m + k + 1) from a tree in
∆0,w′ \X0,w′ and redistributing other marks if necessary is a well-defined inverse map to ∆0,w \X0,w. Thus
ϕ is a homeomorphism. We conclude that
∆0,w/X0,w ∧
m−1∨
i=1
S1 ∼= ∆0,w′/X0,w′.
By hypothesis ∆0,w/X0,w ≃
∨
N(m,k) S
m+k−4. Thus ∆0,w′/X0,w′ ≃
∨
(m−1)·N(m,k) S
m+k−3. It follows that
N(m, k + 1) = (m− 1) ·N(m, k). The result follows by induction. 
The idea of the proof is illustrated in Figure 4. Beginning with S1 ∨ S1, we form the product with the
interval, identify three levels at which to pinch, and contract the vertical segment. This gives us a wedge of
2 · (3 − 1) = 4 spheres of dimension 1 + 1 = 2.
Remark 6.5. Let w = (1(m), ǫ(k)) and w′ = (1(m), ǫ(m+1)). If m is prime and σ ∈ Sm is a cycle of length m,
then σ acts on ∆0,w by permuting the marks {1, . . . ,m}. Then 〈σ〉 is a free group action on ∆0,w. There is
an inclusion ∆0,w →֒ ∆0,w′ that attaches the additional mark on top of the k
th mark of weight ǫ.
The quotient by the action of 〈σ〉 on the colimit as k →∞ is a K(Z/m, 1) space. This process is analogous
to Milnor’s construction of K(G, 1) spaces in [20].
6.2. The permutation action. Let w = (1(m), ǫ(k)) and 0 < ǫ 6 1/k. We reserve the heavy marks (1)
and (2) for the construction of X0,w. The action of permuting the remaining k − 2 markings of weight 1
and k weights of weight ǫ gives rise to a representation on top dimensional homology. The following theorem
describes this homology representation.
Theorem 6.6. Let w = (1(m), ǫ(k)) with 0 < ǫ 6 1/k. The action of Sm−2 × Sk on ∆0,w is a cellular map
that permutes the 1 marks and ǫ marks separately. This pushes forward to an action on the top homology of
∆0,w. Let pm−1(k) be the set of all partitions of k into m− 1 parts. This action is the induced representation⊕
λ∈pm−1(k)
Ind
Sm−2×Sk
Sλ1×···×Sλm−1
(sgn),
where sgn is the alternating representation.
Proof. Let X0,w be the heavy marking locus. The space ∆0,w/X0,w consists of trees that are paths, labeled
by the marks {3, . . . ,m + k − 2}. The ordering of the marks in the path associates to each top dimensional
cell of ∆0,w/X0,w a permutation σ ∈ Sm+k−2. This map naturally extends to a map
φ : Cm+k−4 → V = 〈xσ : σ ∈ Sm+k−2〉,
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Figure 5. An ordered partition
where Cm+k−4 is the vector space of top dimensional chains. As a notational device, we write xσ in expanded
form xσ(1) ⊗ · · · ⊗ xσ(k−2).
We consider the kernel of the boundary map as a subspace of V . Each codimension one cell xˆ of the
CW structure fuses two ǫ-marks i and j and thus is on the boundary of two cells, which we identify with
the monomials xij = · · · ⊗ xi ⊗ xj ⊗ · · · and xji = · · · ⊗ xj ⊗ xi ⊗ · · · . If the boundary of a chain
∑
cαxα
vanishes at xˆ, then the coefficients of xij and xji are negatives of one another, so cij + cji = 0. More
generally, fixing a placement of marks of weight 1 and fixing a partition λ of ǫ-marks restricts to a (
∏
i λi!)-
dimensional vector space. The restriction of the Sλ1 × · · · × Sλm−1 action on top homology is the alternating
representation. Moreover, for a fixed placement of heavy weights, the partitions of ǫ-marks are in a natural
one-to-one correspondence with the cosets of Sλ1 × · · · × Sλm−1 in Sk. The Sm−2 action on heavy weights
commutes with the Sk action on lightweights. Now lambda determines the Each permutation of m− 2 heavy
marks is invariant under the Sk action, so fixing this relative placement of heavy and light weights, and so the
full Sm−2 × Sk action is induced from the alternating representation.
Each partition λ determines a (Sm−2 × Sk)-invariant subspace of homology, and so the full homology
representation is simply the direct sum of these induced representations. 
We note that the group action in Theorem 6.6 fixes the two reserved marks of weight 1. The action of the
full permutation group remains unclear to the authors.
Question 6.7. Let w = (1(m), ǫ(k)) for 0 < ǫ 6 1/k. What is the representation of Sm × Sk on the vector
space Hm+k−4(∆0,w;Q)?
The answer is known when k = 0 via the main result of [22], and when m = 2 where top homology is
1-dimensional.
7. Double covers, torsion, and disconnectedness
This section offers a proof of Theorem B. We begin with the observation that ∆0,w consists entirely of
paths if and only if w = (w1, . . . , wn) is such that there is no partition {1, . . . , n} = α ⊔ β ⊔ γ such that
w(α), w(β), w(γ) > 1. Recall that we defined such spaces ∆0,w as path spaces.
Definition 7.1. An orientation on a path is an injective assignment of {L,R} to the two leaves of the path.
For a path space ∆0,w, we denote by ∆˜0,w the moduli space of paths with orientation. Let φ : ∆˜0,w → ∆0,w be
the projection that forgets orientation.
Theorem 7.2. Suppose w = (w1, . . . , wn) is such that ∆0,w is a path space. Then ∆˜0,w is a natural double
cover with projection map φ. Moreover, ∆˜0,w is isomorphic as a simplicial complex to the flag complex of the
subposet P of the boolean lattice Bn consisting of all A ⊂ {1, . . . , n} such that w(A) > 1 and w(A
c) > 1.
Proof. Observe that ∆˜0,w has the structure of a CW complex, arising in the same fashion as the CW structure
on ∆0,w. If each tree in ∆0,w is a path, it is clear that the forgetful map φ is continuous, surjective, and
everywhere 2 : 1. Moreover, φ is a cellular map, and hence an unramified double cover.
Each simplex of ∆˜0,w is uniquely determined by a label order, i.e. an ordered partition (D1, . . . , Dr) of the
set of marks {1, . . . , n} as in Figure 5. This defines a map f from simplices to ordered partitions. Conversely,
an ordered partition corresponds to a simplex if and only if w(D1) > 1 and w(Dr) > 1.
Let P be the subposet of the boolean lattice Bn consisting of all A ⊂ {1, . . . , n} for which w(A) > 1 and
w(Ac) > 1. Denote by F the map that sends each simplex σ to the chain {
⋃j
i=1Di | 1 6 j 6 r − 1}, where
f(σ) = (D1, . . . , Dr). This sends simplices into flags of P . The flags {Ei : 1 6 i 6 r − 1} that appear are
precisely those for which w(Ei) > 1 and w(E
c
i ) > 1 for all i. Given a flag E1 ⊂ · · · ⊂ Er of P , the inverse map
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G sends {E1, . . . , Er} to the partition (E1, E2 \ E1, E3 \ E2, . . . , Er \ Er−1, {1, . . . , n} \ Er). Since w(E1) > 1
and w({1, . . . , n} \Er) > 1, there is a unique simplex corresponding to the resulting partition. This defines a
bijection between faces.
Given a simplex σ in ∆˜0,w, a face of σ maps to the ordered partition (D1, . . . , Di−1, Di∪Di+1, Di+2, . . . , Dr).
This, in turn, maps to the flag {E1, . . . , Êi, . . . , Er−1} under F , which excludes the index i. Similarly, flags
{E1, . . . , Êi, . . . , Er−1}map to simplices corresponding to the order partition (D1, . . . , Di−1, Di∪Di+1, Di+1, . . . , Dr).
Therefore, since the boundary relation is preserved, this bijection is indeed an isomorphism. 
We can specialize this result to obtain a two-parameter infinite family of spaces ∆0,w with torsion in its
fundamental group.
Definition 7.3. The rank selected poset of the Boolean lattice Bn,k consists of all sets A such that k 6
|A| 6 n− k, under inclusion.
It is known that Bn,k is shellable and therefore has the homotopy type of a wedge of spheres. This is
implicit in [19], and an explicit statement can be found in [13, Corollary C.10]. Bn,k is also the face complex
associated to the neighborhood complex of the Kneser graph [19].
Corollary 7.4. Let w = ( 1k
2(k+1)+m
), where 1 6 m 6 k. Then, π1(∆0,w) ∼= Z/2.
Proof. A set of markings A ⊂ {1, . . . , 2(k + 1) +m} has w(A) > 1 and w(Ac) > 1 if and only if k < |A| <
2(k+ 1)+m− k, so Theorem 7.2 implies that ∆˜0,w is isomorphic as a simplicial complex to the flag complex
of the shellable poset B2(k+1)+m, k+1. Consequently, ∆˜0,w has the homotopy type of a wedge of spheres of
dimension m. If m > 2, then ∆˜0,w is simply connected and hence the universal cover of ∆0,w. We conclude
that π1(∆0,w) = Z/2. 
7.1. A disconnected family. To finish the proof of Theorem B, we identify an infinite family of weight
vectors w for which ∆0,w is disconnected.
Proposition 7.5. Let w = (1/m(2m), ǫ(k)) with 0 < k · ǫ < 1/m and k > 2. Then ∆0,w ∼=
⊔
1
2 (
2n
n )
Sk−2.
Proof. The stable trees in this space must have m marks of weight 1/m on each leaf. There are 12
(
2m
m
)
ways
of performing this partition. If k > 3, each partition produces a path-connected component with the specified
partition, with the partition on each leaf and at least 1 mark of weight ǫ on each leaf. Each component is
homeomorphic to ∆0,w′ , where w
′ = (1, 1, ǫ(k)). This is a (k − 2)-sphere by Theorem 6.4.
We handle the case k = 2 separately; the stable trees must have m marks of weight 1/m on each leaf and
one ǫ weight on each leaf. There are 12
(
2m
m
)
choices of this partition of m marks and 2 choices for the ǫ-weight,
so this case is a set of
(
2m
m
)
isolated points, which is the disjoint union of the correct number of 0-spheres. 
8. Topology of ∆1,w
When all weights are equal to 1, the subcomplex of curves with repeated markings in ∆g,n is a large
contractible subcomplex whose complement has a simple combinatorial description. This is proved and used
extensively by Chan, Galatius, and Payne in [12, Section 9]. For general weights, this role is played by the
locus of curves with heavy markings.
Definition 8.1. Let g > 0. The heavy marking locus of ∆g,w, denoted Xg,w, is the subspace of w-stable
tropical curves G ∈ ∆g,w for which there is a vertex v such that w(m
−1
G (v)) > 1.
The analogue of their argument for the contractibility of the repeated marking locus in ∆g,n establishes the
following lemma in the general ∆g,w case.
Lemma 8.2. Let w be a weight vector such that
n∑
i=1
wi > 1,
and suppose g > 0. Then, Xg,w is a contractible subcomplex of ∆g,w.
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Proof. We refer the reader to [12, Section 8] for the structure of the proof, and merely remark here on the
necessary changes for its generalization to the weighted case.
Let P denote the point corresponding to the connected tree with exactly two vertices, one of genus g and
the other marked by {1, 2, . . . , n}. In loc. cit. the authors exhibit a series of strong deformation retractions
which contract Xg,w onto P . To generalize their argument to the case of an arbitrary weight vector, one need
first guarantee that P ∈ Xg,w as each retraction increases the w-weighted valency at a vertex. Since P ∈ Xg,w
if and only if
∑n
i=1 wi > 1, we conclude that P ∈ Xg,w by our hypothesis.
We also require that their series of strong deformation retractions never destabilizes a w-weighted tropical
curve. This can only occur when a retraction grows a distinguished bridge at a core vertex, removing marks
from a core vertex and placing them onto a leaf vertex. So long as the total weight at that vertex is more
than one, this does not destabilize the curve. Consequently, their argument generalizes here and Xg,w is
contractible. 
We can characterize the set complement ∆1,w \ X1,w in a way similar to Lemma 3.5. Let T
r denote the
compact r-torus (S1)r . Throughout this section, we identify Tr with (S1)r ⊂ Cr. Unless otherwise specified,
S1 ⊂ C acts on Tr by coordinatewise scalar multiplication, and Z/2 acts on Tr by coordinatewise complex
conjugation.
Lemma 8.3. Let w = (w1, . . . , wn) and A = {A ∈ 2
{1,...,n} |
∑
i∈A wi > 1}. Denote by T
n−1 ⊂ Tn the set of
tuples where the first coordinate x1 = 1 is fixed. Let
Dn = {x ∈ Tn | xi1 = · · · = xik for some {i1, . . . , ik} = A ∈ A}
and let Dn−1 = Tn−1 ∩Dn. Then we have the homeomorphisms
∆1,w \X1,w ∼=
Tn \Dn
S1 ⋊ Z/2
∼=
Tn−1 \Dn−1
Z/2
.
Proof. A tropical curve G ∈ ∆1,w \X1,w must be its own core: it can have no leaves, since any leaf will be
marked with weight > 1. Since the genus of G equals 1, the graph G is a cycle with total length 1. There is
therefore a continuous surjection
Tn \Dn → ∆1,w \X1,w
sending a tuple (e2πi x1 , . . . , e2πi xn) ∈ Tn to the metric marked cycle with mark (1) at some vertex and (i) at
distance xi − x1 from (1) in a specified direction.
Fix G ∈ ∆1,w \X1,w. The fiber over G consists of all rotations and reflections of (1, e
2πi x2 , . . . , e2πi xn) in
Tn \Dn, where xi is the distance from (1) to (i) along G in a specified direction. This fiber is precisely the
orbit (S1 ⋊ Z/2) · (1, e2πi x2 , . . . , e2πi xn).
The identification of the fiber over G with an orbit of S1 ⋊ Z/2 yields the leftmost homeomorphism. We
choose a representative for the S1 action on Tn \ Dn by setting the first coordinate equal to 1 ∈ S1: this
identifies (Tn \Dn)/S1 ∼= Tn−1 \Dn−1, yielding the rightmost homeomorphism. 
When w = (1, ǫ), we identify the complement
∆1,w \X1,w ∼= ((T
2 \D2)/S1)/Z/2 ∼= (S1 \ {1})/Z/2.
This Z/2 action is by complex conjugation, and so topologically ∆1,w \X1,w is homeomorphic to the half-open
interval (0, 1/2] where 1/2 is the image of the fixed point under the action. This behaviour is representative
of a general phenomenon. In cases of such exceptional weight vectors, we are sometimes forced to work with
quotients of disks by finite groups. If w = (1, w2, . . . , wn) where
∑n
i=2 wi > 1, this issue disappears because
elements of ∆1,w \ X1,w will have at least three vertices. A tropical curve G ∈ ∆1,w \X1,w is a fixed point
of the Z/2 action if and only if all labels {1, . . . , n} mark the points {±1} ⊂ S1: that is, if G has only two
vertices. But all such graphs lie in X1,w. As a consequence, the tropical curves parameterized by ∆1,w \X1,w
have only trivial automorphisms.
Remark 8.4. If ∆1,w is connected and X1,w is nonempty, then ∆1,w is homotopy equivalent to the one point
compactification of ∆1,w \X1,w.
To determine the topology of ∆1,w we require the following lemma.
Lemma 8.5. Let w = (1, 1, w3, . . . , wn) and D as in Section 4. Then, ∆0,w \X0,w ×R
2 ∼= Rn−2 \D.
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Proof. We have immediately from the remarks following Proposition 4.1 and the homeomorphism R>0 ∼= R
that ∆0,w \X0,w ×R
2 ∼= (S \D)×R>0 ×R. Now define
ϕ : (S \D)×R>0 ×R→ R
n−2
by ϕ(x, s, t) = t · x + s · 1. Since D is nonempty and invariant under translation by multiples of 1 and scalar
multiplication, this defines a homeomorphism onto the image Rn−2 \D. 
Theorem 8.6. Let w = (1, w3, . . . , wn) and w
′ = (1, 1, w3, . . . , wn). Suppose further that
∑n
i=3 wi > 1 and
let Z/2 act on ∆0,w′ by transposing the two distinguished marks of weight 1. Then
Susp2(∆0,w′)/(Z/2) ≃ ∆1,w.
Proof. By Remark 8.4, ∆1,w/X1,w is homeomorphic to the one point compactification of (T
n−2\Dn−2)/(Z/2),
where the Z/2 action is by componentwise complex conjugation. We observe that this quotient is also home-
omorphic to (Tn−2/Dn−2)/(Z/2), where Z/2 acts by componentwise complex conjugation on Tn−2 \ Dn−2
and as identity on the point Dn−2/Dn−2.
Since a graph parametrized by Tn−2 \Dn−2 has the heavy mark (1) at 1 ∈ S1, the other coordinates cannot
equal 1. Consequently, Tn−2 \Dn−2 ⊂ (S1 \ {1})n−2 ∼= Rn−2, where the homeomorphism is componentwise
stereographic projection. In fact, the image of Dn−2 under this homeomorphism to Rn−2 is precisely the
diagonal subspace arrangement D of Section 4 for ∆0,w′ . Invoking Lemmas 8.3 and 8.5,
Tn−2 \Dn−2 ∼= Rn−2 \D ∼= ∆0,w′ \X0,w′ ×R
2.
We identify the one point compactification of ∆0,w′ \X0,w′ ×R
2 with the smash product ∆0,w′/X0,w′ ∧ S
2 ≃
Susp2(∆0,w′/X0,w′), see [8, pg. 199]. This series of homeomorphisms induces a Z/2 action on Susp
2(∆0,w′/X0,w′).
This gives the homotopy equivalence
∆1,w ≃ (T
n−2/Dn−2)/(Z/2) ∼= Susp2(∆0,w′/X0,w′)/(Z/2) ≃ Susp
2(∆0,w′)/(Z/2).

Theorem C is now a consequence of Corollary 8.7 and Theorem 8.8 below.
Corollary 8.7. Let w = (1, 1, w4, . . . , wn) and w
′ = (1, 1, 1, w4, . . . , wn) with n > 4. Then
Susp2(∆0,w′) ≃ ∆1,w ∨∆1,w.
In particular, ∆1,w is homotopic to a wedge of spheres with half as many spheres of each dimension as
Susp2(∆0,w′).
Proof. By the proof of Theorem 8.6, we have a homeomorphism
∆1,w \X1,w ∼= (R
n−2 \D)/(Z/2).
If w3 = 1, then Z/2 acts freely on R
n−2 \ D. The half-space {x1 < x2} ∩ (R
n−2 \ D) ⊂ Rn−2 forms a
fundamental domain for this action. ∆1,w is the one point compactification of this fundamental domain, while
Susp2(∆0,w′) is the one point compactification of R
n \D. Hence
Susp2(∆0,w′) ≃ ∆1,w ∨∆1,w.

8.1. The heavy/light weight data. We specialize to the case w = (1(m), ǫ(k)), wherem+k > 1 and k ·ǫ < 1.
Utilizing Theorem 8.6, we give the following classification of the Betti numbers of ∆1,w.
Theorem 8.8. Let w = (1(m), ǫ(k)) for m+k > 1 and k · ǫ < 1. Let βd denote the d
th Betti number, computed
with reduced rational homology. We have the following cases:
a. If m > 2 and k > 1, then
βd(∆1,w) =
1
2
(m− 1)!mk if d = m+ k − 1,
and 0 otherwise.
b. If m = 1 and k > 1, then
βd(∆1,w) = 1 if d = k and k is even,
and 0 otherwise.
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c. If m = 0 and k > 1, then
βd(∆1,w) =
(
k − 1
d
)
if 0 < d < m and d is even,
and 0 otherwise.
Theorem 8.8 is established using Propositions 8.9 – 8.12. The k = 0 case is handled by [12, Theorem 1.2].
We begin with the generic case, which follows quickly from our work above.
Proposition 8.9. Let w = (1(m), ǫ(k)) for k · ǫ < 1, where m > 2 and m + k > 3. Then ∆1,w is a wedge of
1
2 (m− 1)!m
k spheres of dimension m+ k − 1.
Proof. The result is immediate from Corollary 8.7 and Theorem 6.4. 
When w = (1(m), ǫ(k)), k · ǫ < 1, and m 6 1, we observe that ∆1,w behaves a bit differently than the generic
case. To finish the computation of the Betti numbers, we use the following fact from Smith theory [7, III, 2.4]:
Proposition 8.10. Let G be a finite group acting simplicially on K and Λ a field of characteristic 0 or prime
to |G|. We have the natural isomorphism:
Hi(K/G; Λ) ∼= Hi(K; Λ)
G.
Proposition 8.11. Let w = (1, ǫ(k)) with k · ǫ < 1 and k > 1. Then βd(∆1,w) = 1 if d = k and k is even and
0 otherwise.
Proof. For the given weight vector, the only forbidden collisions are with the first marked point. It follows
that Tk \Dk is homeomorphic to Rk by stereographic projection on each coordinate. The action of Z/2 is
coordinatewise negation. Now, ∆1,w is homotopic to the quotient of the one point compactification of R
k by
this action. This one point compactification is a k-sphere. The Z/2 action preserves a nontrivial volume form
on Sk if and only if k is even, so the result follows by an application of Proposition 8.10 above. 
Proposition 8.12. Let w = (ǫ(k)), where k · ǫ < 1. The Betti numbers computed with rational homology are
βd(∆1,w) =
(
k − 1
d
)
if 0 < d < m and d is even,
and 0 otherwise.
Proof. The heavy marking locus is empty, so the proof of Lemma 8.3 shows that ∆1,w ∼= T
k−1/(Z/2). Recall
that the Z/2 action on Tk−1 is by complex conjugation of each coordinate. The result then follows from
the fact that Hi(T
k−1/(Z/2);Q) ∼= Hi(T
k−1;Q)Z/2, noting that the cohomology ring of Tk−1 is the exterior
algebra Λk[x1, . . . , xk−1], and that each odd dimensional cycle changes sign under the Z/2 action. 
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